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1 Introduction
Let A be a commutative algebra with unit 1A over a commutative field K with
characteristic zero, and DiffK(A), the Lie algebra of differential operators of
order ≤ 1 on A.
We recall that a Lie-Rinehart algebra is a pair (G, ρ) where G is simultane-
ously an A-module and a K-Lie algebra, which Lie algebra bracket [, ], and
ρ : G −→ DiffK(A)
is simultaneously a morphism of A-modules and K-Lie algebras satisfying
[x, a · y] = [ρ(x)(a) − a · ρ(x)(1A)] · y + a · [x, y]
for any a ∈ A and x , y ∈ G [5].
Let (G, ρ) be a Lie-Rinehart algebra and
Lsks(G, A) =
⊕
p∈N
L
p
sks(G, A)
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where Lpsks(G, A) is the module of skew-symmetric A-multilinear maps of degree
p from G to A and finally
dρ : Lsks(G, A) −→ Lsks(G, A)
the cohomology operator associated with the representation ρ.
We recall that the pair (Lsks(G, A), dρ) is a differential algebra [5].
For any x ∈ G, the map
ix : Lsks(G, A) −→ Lsks(G, A)
defined by
(ixf)(x1, x2, ..., xp−1) = f(x, x1, x2, ..., xp−1),
for x1, x2, ..., xp−1 elements of G and for any f ∈ L
p
sks(G, A), is a derivation of
degree −1 [3]. The map
θx = [ix, dρ] = ix ◦ dρ + dρ ◦ ix : Lsks(G, A) −→ Lsks(G, A)
is a differential operator of order ≤ 1 and of degree zero satisfying, for any y ∈
G, a ∈ A,
[θx, iy] = i[x,y];
θx ◦ dρ = dρ ◦ θx;
[θx, θy] = θ[x,y];
θxa = [ρ(x)] (a).
For any x ∈ G, the bracket that defines θx is the graded commutator.
A Lie-Rinehart-Jacobi algebra structure on a Lie-Rinehart algebra (G, ρ) is
defined by a skew-symmetric bilinear form
µ : G × G −→ A
such that
dρµ = 0.
The triplet (G, ρ, µ) is a Lie-Rinehart-Jacobi algebra [5]. A Lie-Rinehart-
Jacobi algebra (G, ρ, µ) is a Lie-Rinehart-Poisson algebra if ρ(x)(1A) = 0 for
any x ∈ G [5].
A Lie-Rinehart-Jacobi algebra (a Lie-Rinehart-Poisson algebra respectively),
(G, ρ, µ), is said to be a symplectic Lie-Rinehart-Jacobi algebra (a symplectic
Lie-Rinehart-Poisson algebra respectively) if the skew-symmetric bilinear form
µ is nondegenerate [5] i.e. the induced map
G −→ G∗, x 7−→ ixµ,
is an isomorphism of A-modules where G∗ is the A-module of linear forms on G.
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We recall that if a triplet (G, ρ, µ) is a symplectic Lie-Rinehart-Jacobi algebra
(a symplectic Lie-Rinehart-Poisson algebra respectively), then A is a Jacobi
algebra (A is a Poisson algebra respectively) [5].
The parallelism between symplectic manifolds and (exact) contact manifolds
is given in [7].
The main goal of this paper is to show the parallelism between locally con-
formal symplectic manifolds and contact manifolds. We also will give the gen-
eralization of exact contact manifolds.
In what follows, M denotes a paracompact and connected smooth mani-
fold, C∞(M) the algebra of numerical functions of classe C∞ on M , X(M) the
C∞(M)-module of vector fields onM , 1 the unit of C∞(M), D(M) the C∞(M)-
module of differential operators of order ≤ 1 on C∞(M) and δ the cohomology
operator associated with the identically map
id : D(M) −→ D(M).
The term ”differential operator” will mean ”differential operator of order
≤ 1”.
2 Symplectic Lie-Rinehart-Jacobi algebra struc-
ture on X(M)
A locally conformal symplectic structure on M is a pair (ω, α) made up by a
closed 1-form
α : X(M) −→ C∞(M)
and a nondegerate skew-symmetric 2-form
ω : X(M)× X(M) −→ C∞(M)
such that
dω = −αΛω
where d is the exterior differentiation operator.
When α = 0, then M is a symplectic manifold.
Proposition 1 [6]A smooth manifold M is a locally conformal symplectic man-
ifold (M is a symplectic manifold respectively) if and only if X(M) admits
a symplectic Lie-Rinehart-Jacobi algebra structure (X(M) admits a symplectic
Lie-Rinehart-Poisson algebra structure respectively).
3
3 Symplectic Lie-Rinehart-Jacobi algebra struc-
ture on D(M)
When ϕ ∈ D(M), f ,g ∈ C∞(M), we recall that
[ϕ, f ] = ϕ(f)− f · ϕ(1),
[f, g] = 0.
3.1 Lie-Rinehart algebra structure on D(M)
For any linear form
α : D(M) −→ C∞(M),
we verify that the map
ρα : D(M) −→ D(M), ϕ 7−→ ϕ+ α(ϕ),
is C∞(M)-linear.
Proposition 2 For any linear form
α : D(M) −→ C∞(M),
then the map
ρα : D(M) −→ D(M), ϕ 7−→ ρα(ϕ),
is a morphism of Lie algebras if and only if
δα = (δ1)Λα.
Proof. For any ϕ, ψ ∈ D(M), we verify that
[ρα(ϕ), ρα(ψ)]− ρα [ϕ, ψ] = [δα− (δ1)Λα] (ϕ, ψ).
And that ends the proof.
Theorem 3 If M is a smooth manifold, then a Lie-Rinehart algebra structure
on D(M) is always of the form (D(M), ρα) where
α : D(M) −→ C∞(M)
is a linear form such that
δα = (δ1)Λα.
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Proof. The previous proposition implies the sufficient condition. For the neces-
sary condition, let be given a Lie-Rinehart algebra stucture (D(M), ρ) on D(M).
For any ϕ ∈ D(M), for any f ∈ C∞(M), we get
[ϕ, f ] = [ρ(ϕ)] (f)− f · [ρ(ϕ)] (1).
On the other hand , we get
[ϕ, f ] = ϕ(f)− f · ϕ(1).
We deduce that
[ρ(ϕ)] (f)− f · [ρ(ϕ)] (1) = ϕ(f)− f · ϕ(1).
Therefore
[ρ(ϕ)] (f) = ϕ(f) + f · ([ρ(ϕ)] (1)− ϕ(1)).
The map
α : D(M) −→ C∞(M), ϕ 7−→ [ρ(ϕ)− ϕ] (1),
is a C∞(M)-linear. Thus
[ρ(ϕ)] (f) = ϕ(f) + f · α(ϕ).
We have
ρ(ϕ) = ϕ+ α(ϕ).
We finally conclude that ρ = ρα. As ρ has to be a Lie algebras morphism, we
deduce that the linear form α is such that δα = (δ1)Λα.
Proposition 4 A linear form
α : D(M) −→ C∞(M)
satisfies
δα = (δ1)Λα
if and only if
α(1) ∈ R and d(α|X(M) ) = 0.
Proof. For any ϕ = ϕ(1) +X , ψ = ψ(1) + Y two elements of D(M) with X ,
Y ∈ X(M), we have
[δα− (δ1)Λα] (ϕ, ψ)
= ψ(1) ·X [α(1)]− ϕ(1) · Y [α(1)] +
[
d(α|X(M) )
]
(X,Y ).
/ =⇒ As δα− (δ1)Λα = 0, we have
0 = [δα− (δ1)Λα] (X, 1)
= X [α(1)]
= (d [α(1)])(X).
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As X is arbitrary, we deduce that d [α(1)] = 0. Thus α(1) ∈ R since M is
connected.
We also have d(α|X(M) ) = 0.
⇐= / If α(1) ∈ R and d(α|X(M) ) = 0, we immediately have δα = (δ1)Λα.
3.2 Symplectic Lie-Rinehart-Jacobi algebra structure on
D(M)
Let (D(M), ρα) be a Lie-Rinehart algebra structure on D(M). The linear form
α : D(M) −→ C∞(M)
is such that δα = (δ1)Λα. In this case, we denote δα the cohomology operator
associated with the representation ρα.
Proposition 5 For any η ∈ Lsks(D(M), C
∞(M)), then
δαη = δη + αΛη.
Proof. For any η ∈ Lpsks(D(M), C
∞(M)) and for any ϕ1, ..., ϕp+1 ∈ D(M), we
have
(δαη)(ϕ1, ..., ϕp+1) =
p+1∑
i=1
(−1)i−1ρα(ϕi) [η(ϕ1, ..., ϕ̂i, ..., ϕp+1)]
+
∑
1≤i<j≤p+1
(−1)i+jη([ϕi, ϕj ] , ϕ1, ..., ϕ̂i, ..., ϕ̂j , ..., ϕp+1)
=
p+1∑
i=1
(−1)i−1ϕi [η(ϕ1, ..., ϕ̂i, ..., ϕp+1)]
+
p+1∑
i=1
(−1)i−1 [η(ϕ1, ..., ϕ̂i, ..., ϕp+1)] · α(ϕi)
+
∑
1≤i<j≤p+1
(−1)i+jη([ϕi, ϕj ] , ϕ1, ..., ϕ̂i, ..., ϕ̂j , ..., ϕp+1)
= (δη + αΛη)(ϕ1, ..., ϕp+1).
That ends the proof.
The characterization of symplectic Lie-Rinehart-Jacobi algebra structure on
D(M) is the following one:
Proposition 6 The C∞(M)-module D(M) admits a symplectic Lie-Rinehart-
Jacobi algebra structure if and only if there exists a C∞(M)-linear form
α : D(M) −→ C∞(M)
6
and a nondegenerate skew-symmetric bilinear form
ω : D(M)×D(M) −→ C∞(M)
such that
1. δα = (δ1)Λα
2. δω = −αΛω.
Proof. It is obvious.
3.3 Structure of contact manifold on M when D(M) admits
a symplectic Lie-Rinehart-Jacobi algebra structure
In this part, we consider a symplectic Lie-Rinehart-Jacobi algebra structure on
D(M) with a linear form
α : D(M) −→ C∞(M)
such that
δα = (δ1)Λα
and a nondegenerate skew-symmetric bilinear form
ω : D(M)×D(M) −→ C∞(M)
such that
δω = −αΛω.
In this case if D(M)∗ denotes the dual of the C∞(M)-module D(M), the
map
D(M) −→ D(M)∗, ϕ 7−→ iϕω,
is an isomorphism of C∞(M)-modules.
Proposition 7 There exists an unique vector field H on M such that
iHω = −δ1.
Moreover the linear form
i1ω : D(M) −→ C
∞(M), ϕ 7−→ ω(1, ϕ),
is such that
(i1ω)(H) = 1.
Proof. As
ω : D(M)×D(M) −→ C∞(M)
is nondegenerate, let H ∈ D(M) be the unique differential operator such that
iHω = −δ1. We have H(1) = 0. Thus H is a vector field.
We deduce that
(i1ω)(H) = 1.
And that ends the proof.
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Proposition 8 We get
X(M) = Ker
[
i1ω|X(M)
]
⊕ C∞(M) ·H.
Proof. For any X ∈ X(M), we write
X = [X − (i1ω)(X) ·H ] + (i1ω)(X) ·H .
We verify that
[X − (i1ω)(X) ·H ] ∈ Ker
[
i1ω|X(M)
]
and
Ker
[
i1ω|X(M)
]
∩ C∞(M) ·H = {0} .
Thus
X(M) = Ker
[
i1ω|X(M)
]
⊕ C∞(M) ·H .
That ends the proof.
The sets
D(M)∗H = {η ∈ D(M)
∗/η(H) = 0}
and
D(M)∗C∞(M),H =
{
η ∈ D(M)∗/η|C∞(M) = 0; η(H) = 0
}
are modules over C∞(M).
For any X ∈ X(M) ( X ∈ Ker
[
i1ω|X(M)
]
respectively), we verify that
iXω ∈ D(M)
∗
H ( iXω ∈ D(M)
∗
C∞(M),H respectively).
Proposition 9 The following maps
X(M) −→ D(M)∗H , X 7−→ iXω,
and
Ker
[
i1ω|X(M)
]
−→ D(M)∗C∞(M),H , X 7−→ iXω,
are isomorphisms of C∞(M)-modules.
Proof. Since the map
D(M) −→ D(M)∗, ϕ 7−→ iϕω,
is an isomorphism of C∞(M)-modules, then the maps
X(M) −→ D(M)∗H , X 7−→ iXω,
and
Ker
[
i1ω|X(M)
]
−→ D(M)∗C∞(M),H , X 7−→ iXω,
are injective.
Let η ∈ D(M)∗H be a linear form on D(M) such that η(H) = 0 and let ϕ be
the unique element of D(M) such that
iϕω = η.
8
We get
0 = η(H)
= iϕω(H)
= −(iHω)(ϕ)
= (δ1)(ϕ)
= ϕ(1).
We deduce that ϕ ∈ X(M). Thus the map
X(M) −→ D(M)∗H , X 7−→ iXω,
is also surjective.
Let σ ∈ D(M)∗
C∞(M),H be a linear form on D(M) such that σ|C∞(M) = 0
and σ(H) = 0, and let ϕ be the unique element of D(M) such that
iϕω = σ.
As σ(H) = 0, then ϕ ∈ X(M).
Since σ|C∞(M) = 0, we obtain
0 = σ(1)
= (iϕω)(1)
= − [i1ω] (ϕ).
We deduce that ϕ ∈ Ker
[
i1ω|X(M)
]
. Thus the map
Ker
[
i1ω|X(M)
]
−→ D(M)∗C∞(M),H , X 7−→ iXω,
is also surjective.
Corollary 10 The restriction
ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)] : Ker
[
i1ω|X(M)
]
×Ker
[
i1ω|X(M)
]
−→ C∞(M)
is a nondegenerate skew-symmetric bilinear form on Ker
[
i1ω|X(M)
]
.
Proof. It is obvious since the map
Ker
[
i1ω|X(M)
]
−→ Ker
[
i1ω|X(M)
]∗
, X 7−→ iXω|Ker[i1ω|X(M)],
is an isormorphism of C∞(M)-modules.
For any f ∈ C∞(M), the linear form
δαf − [H(f) + f · α(H)] · i1ω − f · [1 + α(1)] · δ1 : D(M) −→ C
∞(M),
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belongs to D(M)∗
C∞(M),H . We denote ϕf the unique element of D(M) such
that
iϕfω = δαf
and Xf the unique element of Ker
[
i1ω|X(M)
]
such that
iXfω = δαf − [H(f) + f · α(H)] · i1ω − f · [1 + α(1)] · δ1.
For any f, g ∈ C∞(M), the bracket
{f, g} = −ω(ϕf , ϕg)
is a Jacobi bracket on C∞(M). Thus M is a Jacobi manifold [5].
We verify that
ϕf = [ρα(H)] (f) +Xf − f · [1 + α(1)] ·H .
If we denote Hα = [1 + α(1)] · ρα(H), then we have
{f, g} = −ω(Xf , Xg)− f ·Hα(g) + g ·Hα(f).
Remark 11 We recall that as ω is a nondegenerate skew-symmetric bilinear
form on D(M), then the dimension of M is odd [7].
Theorem 12 If the dimension of M is 2n+ 1, then the differential form[
i1ω|X(M)
]
Λ
[
ω|X(M)×X(M)
]n
is a volume form on M .
Proof. For any x ∈M we have H(x) 6= 0 since (i1ω)(H) = 1. Thus the 1-form[
i1ω|X(M)
]
is nonzero everywhere. Let x ∈ M and let TxM be the tangent
vector space at x. As the dimension of M is odd, let 2n+ 1 be the dimension
of M . The set
(Ker
[
i1ω|X(M)
]
)x =
{
X(x) ∈ TxM/X ∈ Ker
[
i1ω|X(M)
]}
is a vector space of dimension 2n. Since
ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)] : Ker
[
i1ω|X(M)
]
×Ker
[
i1ω|X(M)
]
−→ C∞(M)
is a nondegenerate skew-symmetric bilinear form on the C∞(M)-module
Ker
[
i1ω|X(M)
]
,
then (ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)])(x) is a nondegenerate skew-symmetric bi-
linear form on the vector space (Ker
[
i1ω|X(M)
]
)x .
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We deduce that Ker
[
i1ω|X(M)
]
)x is a symplectic vector space and
(ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)])
n(x)
is a volume form. We also deduce that (ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)])
n(x) 6= 0.
Let (v1, v2, ..., v2n) be a basis of (Ker
[
i1ω|X(M)
]
)x. We have
(ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)])
n(x) (v1, v2, ..., v2n) 6= 0.
We note that
ν =
[
i1ω|X(M)
]
(x)Λ(ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)])
n(x)
is nonzero since
ν(H(x), v1, v2, ..., v2n)
= (ω|
Ker[i1ω|X(M)]×Ker[i1ω|X(M)])
n(x) (v1, v2, ..., v2n) 6= 0.
As x is abitrary, we conclude that
[
i1ω|X(M)
]
Λ
[
ω|X(M)×X(M)
]n
is a volume
form on M .
Corollary 13 If D(M) admits a symplectic Lie-Rinehart-Jacobi algebra struc-
ture, thenM is a nonexact contact manifold in the sense of Andre´ Lichnerowicz.
In what follows, we give a generalization of exact and nonexact contact
manifolds.
Proposition 14 We get
[1 + α(1)] · ω = δα(i1ω).
Proof. For any ϕ, ψ ∈ D(M), we have
(δω)(1, ϕ, ψ) = ω(ϕ, ψ)− ϕ [(i1ω)(ψ)] + ψ [(i1ω)(ϕ)]− ω([1, ϕ] , ψ)
+ ω([1, ψ] , ϕ)− ω([ϕ, ψ] , 1).
As [1, ϕ] = [1, ψ] = 0, we get
(δω)(1, ϕ, ψ) = ω(ϕ, ψ)− ϕ [(i1ω)(ψ)] + ψ [(i1ω)(ϕ)] + (i1ω)([ϕ, ψ])
= [ω − δ(i1ω)] (ϕ, ψ).
On the other hand, we get
(−αΛω)(1, ϕ, ψ)) = −α(1) · ω(ϕ, ψ) + α(ϕ) · (i1ω)(ψ)− α(ψ) · (i1ω)(ϕ)
= [−α(1) · ω + αΛ(i1ω)] (ϕ, ψ).
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As δω = −αΛω, we conclude that
ω − δ(i1ω) = −α(1) · ω + αΛ(i1ω).
Thus
[1 + α(1)] · ω = δ(i1ω) + αΛ(i1ω)
= δα(i1ω).
That ends the proof.
As δα = (δ1)Λα, then α(1) ∈ R.
If α(1) 6= −1, we have
ω = δα
[
i1(
1
1 + α(1)
· ω)
]
.
In this case, we will say that M is an exact contact manifold since ω is
δα-exact.
If α(1) = −1, we will say that M is a nonexact contact manifold.
3.4 Structure of symplectic Lie-Rinehart-Jacobi algebra
on D(M) when M is a contact manifold
Let M be a contact manifold with dimension 2n+ 1. In this case, there exists
an 1-form
β : X(M) −→ C∞(M)
and a skew-symmetric 2-form
Ω : X(M)× X(M) −→ C∞(M)
such that
βΛΩn
is a volume form on M .
Let E be the fundamental vector field of the contact manifold M [4]. We
have
β(E) = 1
and
iEΩ = 0.
We get
X(M) = Kerβ ⊕ C∞(M) ·E.
The restriction
Ω|Kerβ×Kerβ : Kerβ ×Kerβ −→ C
∞(M)
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is a nondegenerate skew-symmetric bilinear form on Kerβ [4].
Thus, we have
D(M) = C∞(M)⊕Kerβ ⊕ C∞(M) ·E.
If
pi : D(M) −→ X(M)
is the canonical surjection, the linear form
β˜ = β ◦ pi : D(M) −→ C∞(M)
is such that
β˜|C∞(M) = 0
and
β˜|X(M) = β.
For any ϕ, ψ two elements of D(M), we have
ϕ = ϕ(1) +X + β˜(ϕ) ·E
ψ = ψ(1) + Y + β˜(ψ) · E
where X,Y ∈ Kerβ. The map
Ω : D(M)×D(M) −→ C∞(M), (ϕ, ψ) 7−→ Ω(X,Y ),
is C∞(M)-bilinear and skew-symmetric.
The map
Ω˜ = Ω + (δ1)Λβ˜ : D(M)×D(M) −→ C∞(M)
is a skew-symmetric bilinear form.
Proposition 15 We get
i1Ω = 0;
i1Ω˜ = β˜;
iEΩ˜ = −δ1.
Proof. It is obvious.
Proposition 16 The skew-symmetric bilinear form
Ω˜ = Ω + (δ1)Λβ˜ : D(M)×D(M) −→ C∞(M)
is nondegenerated.
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Proof. Let ϕ ∈ D(M) such that Ω˜(ϕ, ψ) = 0 for any ψ ∈ D(M). We can write
ϕ = ϕ(1) +X + β˜(ϕ) · E with X ∈ Kerβ.
For ψ = 1, we get
0 = Ω˜(ϕ, 1)
= Ω(ϕ, 1) + ϕ(1) · β˜(1)− 1 · β˜(ϕ)
= −(i1Ω)(ϕ)− β˜(ϕ)
= −β˜(ϕ).
Thus β˜(ϕ) = 0.
For ψ = E, we get
0 = Ω˜(ϕ,E)
= −(iEΩ˜)(ϕ)
= (δ1)(ϕ)
= ϕ(1).
Thus ϕ(1) = 0.
As β˜(ϕ) = 0 and ϕ(1) = 0, we have ϕ = X . Thus for any ψ = Y ∈ Kerβ,
we get
0 = Ω˜(ϕ, Y )
= Ω˜(X,Y )
= Ω(X,Y ).
As
Ω|Kerβ×Kerβ : Kerβ ×Kerβ −→ C
∞(M)
is nondegenerated, we deduce that X = 0. We conclude that ϕ = 0 and the
map
D(M) −→ D(M)∗, ϕ 7−→ iϕΩ˜,
is injective.
The map
D(M) −→ D(M)∗, ϕ 7−→ iϕΩ˜,
is also surjective since if
ν : D(M) −→ C∞(M)
is a linear form on D(M) and if X is the unique element of Kerβ such that
iXΩ = ν|Kerβ , the differential operator
ϕ = ν(E) +X − ν(1) ·E
is such that
iϕΩ˜ = ν.
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Thus
Ω˜ : D(M)×D(M) −→ C∞(M)
is a nondegenerate skew-symmetric bilinear form.
In what follows, we give the characterization of a contact manifold in terms
of symplectic Lie-Rinehart-Jacobi algebra structure on D(M).
We consider the linear form
α = [1 + α(1)] · δ1 + iEδβ˜ + α(E) · β˜ : D(M) −→ C
∞(M)
on D(M) with
α(1) ∈ R and d [α(E) · β + iEdβ] = 0.
In this case, we have
δα = (δ1)Λα.
We have the following properties:
Proposition 17 We get
1. [1 + α(1)] · Ω˜ = δβ˜ + αΛβ˜;
2. α(E) · Ω˜ = (δ1)Λα− iEδΩ˜;
3. β [X,E] · Ω˜ = αΛiXΩ˜− iXδΩ˜, for any X ∈ Kerβ.
Proof. For any x ∈ M , as the matrix of Ω˜(x) is regular, then there exists
f ∈ C∞(M), g ∈ C∞(M) and hX ∈ C
∞(M) for any X ∈ Kerβ such that
1/f · Ω˜ = δβ˜ + αΛβ˜ ,
2/g · Ω˜ = (δ1)Λα− iEδΩ˜,
3/hX · Ω˜ = αΛiXΩ˜− iXδΩ˜.
We deduce the following equations:
a/f · iE
[
i1Ω˜
]
= iE
[
i1(δβ˜ + αΛβ˜)
]
,
b/g · iE
[
i1Ω˜
]
= iE
[
i1((δ1)Λα− iEδΩ˜)
]
,
c/hX · iE
[
i1Ω˜
]
= iE
[
i1(αΛiXΩ˜− iXδΩ˜)
]
.
As iE
[
i1Ω˜
]
= 1, we verify that the unique solutions are: f = 1 + α(1);
g = α(E) and hX = α(X) = β [X,E] for any X ∈ Kerβ.
Theorem 18 We have
δΩ˜ = −αΛΩ˜..
Proof. We recall that
i1Ω˜ = β˜;
iEΩ˜ = −δ1;
i1δΩ˜ = Ω˜− δβ˜.
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For any ϕ ∈ D(M) with ϕ = ϕ(1) +X + β˜(ϕ) · E, (X ∈ Kerβ), we have
iϕ(αΛΩ˜ + δΩ˜) = α(ϕ) · Ω˜− αΛiϕΩ˜ + iϕδΩ˜
=
[
ϕ(1) · α(1) + α(X) + β˜(ϕ) · α(E)
]
· Ω˜
− αΛ
[
ϕ(1) · i1Ω˜ + iXΩ˜ + β˜(ϕ) · iEΩ˜
]
+ ϕ(1) · i1δΩ˜ + iXδΩ˜ + β˜(ϕ) · iEδΩ˜.
We get
iϕ(αΛΩ˜ + δΩ˜) =
[
ϕ(1) · α(1) + α(X) + β˜(ϕ) · α(E)
]
· Ω˜
− αΛ
[
ϕ(1) · β˜ + iXΩ˜− β˜(ϕ) · δ1
]
+ ϕ(1) · (Ω˜− δβ˜) + iXδΩ˜ + β˜(ϕ) · iEδΩ˜.
We also have
iϕ(αΛΩ˜ + δΩ˜) = ϕ(1) · ([1 + α(1)] · Ω˜− δβ˜ − αΛβ˜)
+
[
α(X) · Ω˜− αΛiXΩ˜ + iXδΩ˜
]
+ β˜(ϕ) ·
[
α(E) · Ω˜− (δ1)Λα+ iEδΩ˜
]
.
Proposition 17, above, implies that
iϕ(αΛΩ˜ + δΩ˜) = 0.
As
iϕ(αΛΩ˜ + δΩ˜) = 0,
then, for any ϕ, ψ, η ∈ D(M) we have
(αΛΩ˜ + δΩ˜)(ϕ, ψ, η) = 0.
We conclude that
δΩ˜ = −αΛΩ˜.
That ends the proof.
Corollary 19 If M is a contact manifold, then D(M) admits a symplectic Lie-
Rinehart-Jacobi algebra structure.
In this paper we showed that D(M) admits a symplectic Lie-Rinehart-Jacobi
algebra structure if and only if M is a contact manifold. Thus a contact
structure on a manifold M is due to the existence of a C∞(M)-linear form
α : D(M) −→ C∞(M)
and a nondegenerate skew-symmetric bilinear form
ω : D(M)×D(M) −→ C∞(M)
such that
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1. δα = (δ1)Λα;
2. δω = −αΛω.
If α(1) 6= −1, we will say that M is an exact contact manifold and if α(1) =
−1, we will say that M is a nonexact contact manifold.
Thus the parallelism between locally conformal symplectic manifolds and
contact manifolds is obvious: a locally conformal symplectic structure on a
manifold M is due to the existence of a symplectic Lie-Rinehart-Jacobi algebra
structure on X(M) whereas a contact structure on a manifold M is due to the
existence of a symplectic Lie-Rinehart-Jacobi algebra structure on D(M).
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